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In his algebraic theory of differential equations, J. F. Rittf has developed

a decomposition theory for systems of algebraic differential equations by

introducing the idea of irreducible systems and proving that every system is

equivalent to one and essentially only one finite set of irreducible systems.

The analogous theorem for algebraic difference equations was given by Ritt

and Doob.f The purpose of the present paper is to derive a decomposition

theorem for algebraic mixed difference equations; i.e., equations which con-

tain algebraically one or more unknown functions y(x), their "transforms"

y(x), y(x+l), y(x+2), - - - , and the derivatives of those transforms.

1. Fields

Let 21 be an open region in the plane of the complex variable x which has

the property that it contains the point x+1 whenever x lies in 21. Let î be a

set of functions, meromorphic in 2Í. If the following four conditions are satis-

fied fj will be called afield:

(a) SF contains at least one function which is not identically zero.

(b) If fix) and gix) are in SF, then f±g,f g and//g(g^0) are in CF.

(c) If/(x) is in SF then also /(x+1) is in SF.

(d) If fix) is in SF then also the derivative of /(x) is in SF.

2. Forms

We introduce a finite number of letters yh y2, • • • , y„, which will repre-

sent unknown functions yi(x), y2(x), • • • , y»(x) and will be called unknowns.

With every y< we associate the symbols

yu = y¿x + j) (y,o = y.),

¿*y,}-     ¿*y,(x + j)
vat* = —,— =-—— (yno = yu, y.-oo = yi0 = y.)

¿x* dxk

* Presented to the Society, October 27, 1934; received by the editors August 9, 1934.

f Ritt, Differential Equations from the Algebraic Standpoint, Colloquium Publications of the

American Mathematical Society, vol. 14, 1932.

% Ritt and Doob, Systems of algebraic difference equations, American Journal of Mathematics,

vol. 55 (1933), pp. 505-514.
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where/ and k are non-negative integers. ya = yi(x+j) will be called the jth

transform of the unknown yt.

A polynomial in the yijk the coefficients of which are functions, mero-

morphic in an open region SI, will be called a form in the unknowns y\, • • •, yn.

Throughout our work we shall assume that the forms with which we deal

belong to a fixed field 5\ Forms will be denoted by capital italic letters.

By the class of a form F, if F involves one or more yijk effectively, we

mean the highest index p, such that some of the transforms ypi of yp or some

of their derivatives ypjk are present in F. By forms of class zero, we mean

forms free of the yijk, i.e., functions f(x) of the field SF.

By the A-order of F in yh, if F involves some ykjk (j = Q, ^=0), we mean

the order of the highest transform yhg of yh such that yht or some of its

derivatives yA9t are present in F.

By the d-order of F in yhl, if F involves some ykik (k^O), we mean the

order of the highest derivative of yM which is present in F.

From what precedes, it follows that we can associate four integers with

each form in yi, • • • , y„, not of class zero, viz.

(i) the class p(p>0),

(ii) the A-order q in yp (q^O),

(iii) the d-order r in ypq (r^O),

(iv) the degree 5 in ypgr (in the ordinary algebraic sense; s>0).

These four numbers, in the succession described above,

P, q, r, s,

which will be called simply the quadruplet of the form, define the rank of the

forms in the following sense.

If A and B are forms in the same unknowns yi, y2, • • • , y„, neither of

class zero, if

ax, a2, a3, aA

and

ii, b2, b3, bt

are respectively the quadruplets of A and B, then A and B are said to be of

the same rank if a¿ = b, for i = 1, 2, 3, 4. B will be said to be of lower rank than

A ii, for the smallest index i for which a, and ¿>¿ are different, ô, is less than

ai.

As for the forms of class zero, all of them are to be of the same rank and

each of them of lower rank than a form of non-zero class.

Obviously, if A is higher than B and B higher than C, then A is higher

than C.



288 FRITZ HERZOG [March

The following lemma can be proved very easily.*

Lemma. Every set of forms in yx, y2, ■ ■ ■ , y„ contains at least one form, the

rank of which is not higher than that of any other form of the set.

3. Ascending sets

Let F be a form, not of class zero, with the quadruplet p, q, r, s ip>0).

A form H is said to be reduced with respect to the form F if for every k ^ q either

(a) H does not involve ypk, or

(b) the ¿-order of H in ypk is less than r, or

(c) the ¿-order of H in ypk equals r but the degree of H in ypkr is less than

*.t

In the following we shall sometimes say "H is of lower rank in ypk than

r, s" if H has any one of the properties (a), (b), or (c) with respect to ypk.

A set of forms

Au At, • • • ,Am

is called an ascending set if either

(a) it consists of only one form Ai, not identically zero, or

(b) it contains more than one form, Ai is of class greater than zero, and

for 1 ¿i<j¿m, Aj is reduced with respect to and of higher rank than A,.

Let

(A) Ai,A2, ■ ■ ■ ,Ak,

(B) Bi, B2,--,Bi

be two ascending sets. (^4) will be called of higher rank than (P) if either

(a) there exists a/, exceeding neither k nor I, such that A{ and P, are

of the same rank for i = l, 2, ■ ■ ■ ,/ —1, but A, is higher than Bit%

or

(b) I is greater than k and A,- and P< have the same rank for i = 1, 2, • • • , k.

Iil = k and Ai and Bi have the same rank for i = l, 2, ■ ■ ■ , k, the ascending

sets (.4) and (P) are to be of the same rank.

Evidently, if (^4), (P), (C) are ascending sets, (^4) higher than (P), and

(P) higher than (C), then (^4) is also higher than (C).

We shall now prove the following

* Cf. Ritt, loe. cit., p. 3, and Ritt-Doob, loe. cit., p. 506.

t It may be that for different k's we have different cases.

i In the case j = 1, that means simply that A\ is higher than B,.



1935] SYSTEMS OF DIFFERENCE EQUATIONS 289

Lemma. If 4> is a system of ascending sets there exists in $ at least one

ascending set of lowest rank.

Consider the first forms of all ascending sets of 4?. According to the lemma

of §2, there are among them forms of lowest rank. Let i>i consist of all such

ascending sets of 4> that begin with a form of that lowest rank. If all ascend-

ing sets of #i have only one form, then each ascending set of $1 constitutes

an ascending set of lowest rank in <£.* If not, consider the ascending sets of

<ï>i which have at least two forms and choose those from among them whose

second form is of lowest rank. Let the subsystem of 4?i obtained in this way

be called 4>2. If all ascending sets of <p2 have exactly two forms each of them

constitutes an ascending set of lowest rank in i>. If not, we continue in this

fashion. If we can show that, after a finite number of steps, we reach a

system <pm all ascending sets of which have exactly m forms, then each

ascending set of <f>m constitutes an ascending set of lowest rank in <ï> and

the lemma will be proved.

In order to show that we must reach such a system $m, we consider any

system f>¿ which we meet in the above process. We notice that all ith forms

of the ascending sets of i1,- are of the same rank. Let A i be one of these

forms and pi, qit ri} j,- be the quadruplet of Ai.\ Consider now any two con-

secutive systems 4>, and $/+i. Since yl,-+i is of higher rank than and reduced

with respect to A ,• we have only the following possibilities :

(a) Pi+x > pi,

(b) pi+x = p¡; q¡+x > q,--

In case (b), since A j+l is of lower rank in yP)„J+I than r,-, Sj, either

(b') ri+1 < r¡

or

(b") rj+1 = r,-; íí+i < j,-.

The inequalities in (b') and (b") now show that the case (b) can occur

only for a finite number of consecutive systems <p¡. Therefore, after a finite

number of steps the case (a) must hold, i.e., the class pi must increase. But

since pi can assume only the values 1, 2, • • • , ra the process cannot be con-

tinued ad infinitum.

* This includes the case in which at least one set of * consists of a non-zero form of class zero.

Every such ascending set is, of course, of lowest rank.

f We omit the trivial case, mentioned above, in which A, is of class zero; then m= 1.
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4. Basic sets

If S is a set of forms not all of which vanish identically, 2 contains

ascending sets (e.g., every form FféO constitutes an ascending set). Among

them, according to the lemma of §3, there are ascending sets of lowest rank.

Each such ascending set will be called a basic set of 2.

If a form F is reduced with respect to every form of an ascending set

(1) Au A2, ■ • ■ ,Am

whose first form Ai is not of class zero, then F is said to be reduced with

respect to the ascending set (1).

We prove the following lemma:

Lemma 1. If 2 is a system of forms, (1) one of its basic sets, with Ai not of

class zero, and if F is a non-zero form and reduced with respect to (1), then

2+P has a basic set lower than (1).

F cannot be of the same rank as any of the forms in (1). If F is lower than

Ai the ascending set Pis lower than (1). If not, let/ be the highest index such

that A j is lower than F il¿j¿m). Then Ai, ■ ■ ■ , A,-, F is lower than (1).

In exactly the same way one can prove

Lemma 2. If 2 is a system of forms, (1) one of its basic sets, with Ax not of

class zero, then 2 contains no non-zero form which is reduced with respect to (1).

5. Reduction of forms

If A is any form in yi} y2, ■ ■ ■ , yn, we shall mean by the kth transform of

the form A the form which is obtained on replacing x by x+k in the coef-

ficients of A and in the unknowns, their transforms and their derivatives.

The latter means that y¿,-¡ has to be replaced by y,-,,-+*,!• The ¿th transform

will be denoted by A <*> [A <°> =A ].

Similarly, by the mth derivative of a form B we mean the mth total deriva-

tive of B with respect to x, the y,,¡ being regarded as functions of x. The mth

derivative of the ¿th transform of A will be denoted by A (*-m) [A (*'0) =A (*° ;

A(°^=AW=A].

Evidently, A (*'m) can be interpreted also as the ¿th transform of the mth

derivative of A. In any case, the first superscript of a form indicates the

number of transformations, the second one the number of differentiations.

The properties (c) and (d) in the definition of a field (§1) imply that the

transforms and their derivatives of a form A have coefficients in SF.

Let A be a form, not of class zero, with the quadruplet p, q, r, s. Let A

be written as a polynomial in yMr with coefficients which are forms in the

y,-,t lower than yMr. Then the derivative of this polynomial, i.e., dA/dynT,
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will be called the séparant oí A, and its highest coefficient, i.e., the coefficient

of the term (ypqi)' in A, will be called the initial of A.

For the proof of the following reduction lemma we need a few facts about

the quadruplet, the séparant and the initial of the transforms and their

derivatives of a form A, not of class zero. Let p, q, r, s be the quadruplet of

A, S its séparant, and 7 its initial. Then the following table gives the facts

that we will need in the proof. They will be seen to follow easily from the

above   definitions.

Form A<-*)(k è 0) A<*-^(k ^ 0, m > 0)

Quadruplet p, q + k,r, s                 p, q + k, r + m, 1

Séparant S<*>                                   ¿,<*)

Initial 7<*>                                    5<*>

We finally notice that the séparant and the initial of any form are of

lower rank than the form itself.

We are now ready to prove the

Reduction Lemma. Let

(3) Ax, A2, ■ ■ ■ ,Am

be an ascending set, with A x of class greater than zero, and let the séparant and

initial of the form A < be Si and I i respectively (i = l, ■ ■ • , m). If G is an arbi-

trary form there exists a power product T of the Si, the Ii, and their transforms

with non-negative integral exponents, such that by subtracting from TG a

suitable linear combination of the Ai, their transforms A¡k) and the derivatives

AXk.m) 0f their transforms, with forms for coefficients, a form

(4) Ä-r.G-Iftjr
i .k, m

is obtained, which is reduced with respect to the ascending set (3).

It will suffice to consider the case in which G is not reduced with respect

to (3).

Let j he the highest index such that G is not reduced with respect to A,.

Let p, q, r, s be the quadruplet of A,. Since G is not reduced with respect to A ,-

there must exist at least one transform ypk of yp, with h ^ q, such that the

rank of G in yph is not lower than r, s. We may assume that yph is the highest

such transform. Let p be the d-order of G in yph and let a be the degree of

G in ypnp. Then either
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(a) p > r

or

(b) p = r;a ^ s.

We treat first the case (a).

We take the form A /*-«-*> where, according to our assumptions,

h-q^O, p-r>0. The quadruplet of A/*-«.*-*) is ¿, A, p, 1, its initial S/h-^

(cf. table (2)). Dividing Ghy A ¿c*-««*-*) we get, with a suitable integer o ̂ 0,

(5) [sir)r-G = cAr^-r)+D.

For the sake of uniqueness we take v as small as possible.

D is either identically zero or of lower degree in yphp than ./!/*-«./>-»•>, i.e.,

7? does not contain ypkp. Since higher derivatives of yph than the pth do not

appear in G and A/h~q-i'~T), D cannot contain such derivatives either, so

that the d-order of D in yph is less than p.

Furthermore, if yk¡ is any transform higher than yph, D is not of higher

rank in ykt than G. Suppose that were not true for some ykl. Notice that

,4j.u-9,p-r) and S/h~,) are free of yk¡. From (5) we conclude that C would

have to contain yk¡ in the same rank, say p.,v, as D. Hence C ■ A / h~ «•"_T)

would contain a term involving the product (ykii)'-yPhp, which could be

balanced neither by D nor by the first member of (5). This proves our state-

ment.

We conclude first that D is of lower rank than r, s in each higher trans-

form of yp than the Ath one, and secondly, that (in case j<m) D is reduced

with respect to A ,+i, A ,+2, • • ■ , A m.

If now D involves yph and the d-order of D in yph, which was less than p,

is still greater than r, i.e., if the case (a) still holds, we treat D in the same

way as we did G, and, after a finite number (at most p — r) oí such divisions,

we reach a form A, which is either free of yph (and its derivatives) or else

of d-order less than or at most equal to r in yph but is, as D was, of lower

rank than r, s in yP,h+x, yP,h+2, ■ ■ ■ , and reduced with respect to Aj+i,

A,-+2, •    ■ , Am.

If Dx involves ypn and is of d-order exactly r in yph and of degree a S; s in

yphr (case (b)), then we take A/h-^ which has, according to table (2), the

quadruplet p, h, r, s and the initial I/h~q). By a division we get, with some

integer w ̂  0 which we shall take as small as possible,

(6) [i?-gr-Dx = B.Arq)+D2,

where D2 is either free of ypkT or of degree less than s in yphr.
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Similarly, as we concluded for D from (5), we now conclude for D2 from

(6) that D2 does not contain any higher derivative of yph than the rth one,

so that D2 is of lower rank in ypk than r, s and, furthermore, that D2 is of

lower rank than Dx in each ykt which is higher than yph. This latter fact im-

plies, as before, that D2 is of lower rank than r, s also in yP,*+i, yP,h+2, • • • ,

and that it is reduced with respect to A i+1, A j+2, ■ ■ ■ , A m.

Using all the divisions of the type (5) and (6) made so far, we have a

relation between G and D2 of the following type :

[Si      1 -[Ii      J    G-2^ Et-A i = D2
t=0

with non-negative integral u and w.

If now D2 is not yet reduced with respect to A ,■ we must have, from what

has been said about D2, that there exists at least one transform ypv of yp,

with q¿h' <h, such that D2 is not of lower rank in ypk- than r, s. We then

apply the same method as above to the highest such transform yvh. and re-

duce D2 with respect to that transform. If necessary, we continue in this

fashion until, after a finite number (at most h—q+1) of such steps, we have

reached a form D3, which is of lower rank than r, s in ypq, yP,q+i, • ■ ■ , hence

reduced with respect to A¡, but also, as D2 before, with respect to

A i+i, • ■ • , A m.

As relation between G and D3, we have

ilisfYurr-G-zzF^r* = d3,
X—0 *=0    m

with non-negative integral exponents u\ and w\.

If D3 is not yet reduced with respect to (3) let i be the highest index such

that D3 is not reduced with respect to A,-. Then i must be less than j. We

then apply the above method in order to reduce D3 with respect to Ai and

get a form D,, reduced with respect to A,- and also to A i+i, ■ ■ ■ , A m. After

a finite number (at most j) of such steps we finally reach a form R which is

reduced to the ascending set (3) and related to G by the equation (4). We

have thus proved the reduction lemma.

The form R will be called in the sequel the remainder of the form G with

respect to the ascending set (3).

6. Solutions

We shall define what will be meant by a solution of a system of algebraic
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mixed difference equations. Our definition will be broad enough so as to

admit also multiple-valued functions as solutions.*

Let 21 be an open region of the type mentioned in §1. Let 2 be a system

of forms in the unknowns yx, y2, ■ ■ ■ , y„, with coefficients meromorphic in 21

and belonging to the field SF (cf. §2).

Let 4>(t) be a continuous complex function, defined for real t — 0, such that

all values 4>(t) lie in 2Í and 4>(t) satisfies the equation

(7) 4>(t+ 1) ~4>(t) = 1.

The function x =</>(/) defines a continuous path £, lying entirely in 21 and

containing x+1 if x lies on it. By a function analytic on J^, we shall under-

stand a function/(x) which is analytic at the point x=<£(0) and which can

be continued analytically along J¿, as one moves on it with increasing /. For

the points x on J^, fix) =/(c/>(/)) =$(t) becomes thus a unique function of t.

Using (7), we can and shall define/(x+1) by

/(*+ 1) =Ht+ 1).

It is obvious that/(x + 1) is also analytic on J^, and the same holds for all

transforms and their derivatives of fix).

By a solution of the system 2, we mean the entity composed of a path J¿,

as described above, and n functions yi(x), y2(x), • • • , yn(x) analytic on J¿,

such that the forms of 2 vanish identically on J^ if the unknowns y¿ in them

are replaced by the functions y,(x).

The totality of solutions of a system 2 will be called the manifold of 2.

If 2i and 22 are systems of forms such that every solution of 2i is a solu-

tion of 22, we shall say "22 holds 2i."| If two systems hold one another, i.e.,

if their manifolds are identical, they will be said to be equivalent.

We notice the following easy consequence of our definitions:

If/(x) is analytic on J¿, then/(x + l) = 0 on J^ii and only if/(x) = 0 on J¿.

Therefore, if F is any form, P has the same manifold as each of its transforms

*<»(*-l,2, •••)•

7. Completeness

In this section we shall prove the following

Theorem. Every infinite system of forms is equivalent to one of its finite

subsystems.

We call a system which is equivalent to one of its finite subsystems a

complete system. Systems which are not complete will be called incomplete.

* Cf. Ritt-Doob, loc. cit., p. 506, footnote.

f A system devoid of solutions is considered as being held by every system.
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We have to show that the assumption of the existence of incomplete systems

leads to a contradiction.

We first prove the following

Lemma. Let 2 be an incomplete system. Let

Fx, Ft, • • ■ , Fm

be forms such that, by multiplying each form in 2 by some power product* of

the Fi and their transforms F/*', a system A is obtained which is complete. Then

at least one of the systems 2+F< (i = l, 2, ■ • ■ , m) is incomplete.

Suppose each system 2+F¿ is complete. Let <£< be a finite subsystem of

S+F, which is held by 2+Fi (i=l,2, ■ ■ ■ , m). Sincei>,can be replaced by

any finite subsystem of S+F, containing 4\ in itself, we may assume that

4>i is of the type

(8) Gx, G2, ■ ■ ■ , Gi, Fi

(for i = 1, 2, • • • , m), with the set

(9) Gx, GS,--,G,

independent of i and the forms of (9) in 2. We may, similarly, assume that

the forms in A, obtained from the forms in (9) by the above described multi-

plication, form a system which is equivalent to A.

Since 2 is incomplete there is a form L in 2 which does not hold (9). But

the product of L and some power product of the F,- and their transforms

holds (9). Since F¿ has the same manifold as its transforms (§6) we conclude

that Fx ■ ■ ■ FmL holds (9). Since L does not hold (9) there are solutions of

(9) for which L does not vanish, so that at least one of the F¿ must vanish.

Hence, for at least one i, L does not hold (8). This contradiction proves our

lemma.

We shall now prove the completeness of all systems.

Suppose there are incomplete systems. Consider their totality and choose

for each of them a basic set (§4). According to the lemma of §3, there are in-

complete systems whose basic sets are not higher than those of any incomplete

system. Let 2 be one of these systems, let

(10) Ax,A2,--,Am

be a basic set of 2, and let Si and 7t, respectively, be the séparant and the

initial of Ai(i = 1,2, ■ ■ ■ , m).

Then Ax is of class greater than zero, for otherwise 2 would have no solu-

tions and would be equivalent to ^4i. Hence, it would be complete.

* The power product may be different for different forms in 2.
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We can then apply the reduction lemma (§5) to each form G of 2 not in

(10), and form the remainder R of G with respect to the ascending set (10).

Let T be the power product of the 5„ the /, and their transforms, used in the

reduction of G (cf. (4)). Let ß be the system composed of the forms in (10)

and the remainders R of all forms G of 2 not in (10). Let A be the system

composed of the forms in (10) and the products TG for all forms G of 2 not

in (10).

Now the system ß is complete. If not, ß would contain non-zero forms,

different from the forms in (10). Since such forms would be reduced with

respect to (10), (10) could not be a basic set of ß, according to Lemma 2 of

§4. The basic sets of ß then would have to be lower than (10), so that ß

would be an incomplete system with a basic set lower than (10). Thus ß is

complete.

Since every form in A which is not in (10) differs from the corresponding

form in ß by a linear combination of the A,-, their transforms and their deriva-

tives, A and ß are equivalent and A is also complete.

Applying the lemma of this section, we see that at least one of the 2m

systems 2+,S¿ and 2+/¿ is incomplete. But every Si and Ii is not identically

zero and reduced with respect to (10). Consequently, according to Lemma 1

of §4, each of the systems 2+5; and 2+/< has a lower basic set than (10).

This contradiction proves that incomplete systems cannot exist.

8. Decomposition theorem

A system 2 of forms is said to be reducible if there exist two forms G and

H, such that neither G nor H holds 2 but G H does. Otherwise 2 is called

irreducible.

A system 2 will be said to be equivalent to the set of systems 2i, 22, • ■ • , 2r

if every solution of 2 is a solution of at least one of the systems 2¿ and if

every 2; is held by 2. In other words, 2 is equivalent to the set Si, 22, • ■ • , 2r

if the manifold of 2 is the sum of the manifolds of the 2¿ (¿ = 1, 2, ■ ■ ■ , r).

We are now ready to prove the

Decomposition Theorem. Every system 2 of forms in yx, y2, ■ ■ ■ , y„ is

equivalent to a finite set of irreducible systems

(11) 2i,2i, • • ■ ,2r.

When those among the systems in (11) which are held by some other are

suppressed, the set of the remaining systems, say

(12) 2!,22, - - - ,2.,

will still be equivalent to 2 but such that no system in (12) is held by any
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other. Such a decomposition of 2 will be called a decomposition into essential

irreducible systems.

The decomposition into essential irreducible systems is unique in the follow-

ing sense : if (12) and

(13) Qi, Qt, • ■ • , Q|

are two decompositions of 2 into essential irreducible systems, then t = s and,

after a suitable permutation of the indices in (13), Q< and 2,- are equivalent for

i = l, 2, • • • ,s.
We prove first that every system can be decomposed into a finite set of

irreducible systems. Suppose that were not the case for some system 2. Then

2 must be reducible. Let d, 77i be such that Gx ■ Hx holds 2 but neither Gx

nor 77i does. Then 2 is equivalent to the set of systems 2+d, 2+77x.

At least one of these two systems cannot be equivalent to a finite set of

irreducible systems. Suppose 2+d is not. Then, similarly, we find a form G2

such that

(a) G2 does not hold X+Gx,

(h) 2+Gi+G2 is not equivalent to a finite set of irreducible systems.

Continuing, we find an infinite sequence of forms

(14) Gx, Gt,   •-,(?*, •••

such that, for i = l, 2, ■ • • , G¡ does not hold the system 2+Gi+G2+ ■ • •

+77,-1.

Let A be the system composed of the forms in 2 and all the forms in (14).

According to the theorem of §7, A is equivalent to some finite subsystem $>

of A. Let/ be such that no G< in (14) with a higher index than/ belongs to <i>.

Then A is equivalent also to its subsystem,

(15) 2+Gi+G2+ • ■ • +C73,

But that is impossible, since G,+x does not hold (15). This contradiction

shows the existence of a decomposition.

We have now to show the uniqueness of the decomposition.

Let us consider the two decompositions (12) and (13) of 2 into essential

irreducible systems. We shall show first that 2i is held by some Q<. Suppose

none of the systems in (13) holds Si. Let P, be a form in Q¿ such that B{ does

not hold Zx(i = l,2, ■ ■ ■ ,t). Then the form Bx ■■ ■ B, would hold each 0¿,

hence 2 and also Si. This is impossible since 2i is irreducible.

Let ßi hold Si. Similarly, Oi must be held by some 2¿. Since 2i is held by

no 2» with i>l, ili is held by Si. Consequently S2i and 2i are equivalent.

Continuing in this way, we get the result that each 2¿ in (12) is equivalent to
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some ß,-in (13) and vice versa, so that t and s must be equal. Thus the de-

composition is unique in the sense described above.

9. Examples

1. Let us consider the system 2 consisting of the following two equations

in one unknown y:

(16) y(x + l)-y'(x)2 + x»«**toy(x) = 0,

(17) y(x +2) - y(x) = 0.

Let SF consist of all rational functions in e2rix with complex coefficients.

Multiplying (17) by y (x+1), we see that y (x+1) -y(x) is of period unity;

the same holds for the function e2x<1. Hence, if we multiply (16) by y(x+l)

the second term of its left member becomes a function of period unity.

Therefore also the first term does, i.e., y(x+l)2y'(x)2 is of period unity.

Hence, according to (17),

y(x)2-y'(x + l)2 - y(x + l)2-y'(x)2 = 0.

Thus for every solution of 2, we have either

(18) y(x)-y'(x + 1) - y(x + l)-y'(x) = 0,

or

(19) yix) • y'ix + 1) + yix + 1) ■ /(*) = 0.

The only solution of 2 satisfying both (18) and (19) is

(20) yix) = 0.

Omitting this solution, we get from (18) and (17)

y(x +1)
- = const. = + 1.

y(x)

The sign + leads to no solution of (16); the sign — gives the solutions

(21) y(x) = ± i-erix

of the system (16), (17), (18).

From (19), on the other hand, we obtain y(x + l) y(x) as constant and,

(20) being omitted, we may write

1
(22) y(x+ l)-y(x) =—■

c2
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Then (16), multiplied by yix), gives the solution

yix) = Cx-e±e'rtx (ci = const.)

and from (22) we finally get ci2 = l/c2, hence

1
(23) yix) =-e*""1

c

with constant C9*0, as the solutions of the system (16), (17), (19).

(20), (21) and (23) are thus obtained as the manifold of 2.

Determining y'ix+T) -y'(x) for each solution, we can decompose 2 into

the set of the following three systems, none of which is held by any other.

Si:     (16), (17) andy'(x+ I)-y'ix) = 0.

(24) 22 :     (16), (17) and y'ix + I)-y'ix) + wViz = 0.

23 :     (16), (17) and y'ix + I)-y'ix) - tV'" = 0.

The manifolds of Si, 22, 23 are (20), (21), (23) respectively.

We shall show that these three systems are irreducible, so that (24) is a

decomposition of 2 into essential irreducible systems.

We notice that all functions in our field 5 are of period unity. Hence if a

form F in y, with coefficients in £F, has the solution y(x), then also y(x+l) is

a solution of F.

Now, the irreducibility of 2i is obvious. As for 22, if a form F vanishes for

one solution in (21), say y(x) = +ierix, it vanishes also for y(x+l) = —ieTix,

which is the other solution in (21). This shows the irreducibility of 22.

Similarly, let A and B be forms such that A B holds 23. Then by putting

1
yix) = — e+""x

c

in AB, this product vanishes identically in x and c so that either A or B

does. If now A vanishes for all solutions

1
y(x) = — e+""x

c

then it must also vanish for

yix + 1) - — e-""x
c

which are the other solutions in (23). Thus A holds 23 and the irreducibility

of 23 is proved.
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2. The following example shows that a pure differential equation, irre-

ducible within the domain of differential equations (see Introduction), can

be reducible, considered as a mixed difference equation.

Let SF be a field of constants, to be determined later, but containing 7r2.

The form

IT2

A = y'2 -|-y2
4

is algebraically irreducible if i-w does not belong to SF. It can be shown, how-

ever, that in this case A is also irreducible as a differential equation.

Now the solutions of A are

(25) yix) = cve*ixi2

and

(26) yix) = c2-e~ri*12,

with ci and c2 arbitrary constants.

For the solutions (25) we have

(27) yix+1) - i-yix) =0,

and for the solutions (26),

(28) y(x+l) + i-y(x) = 0.

The only solution which (27) and (28) have in common is y(x)=0. Hence if

i belongs to SF the system A is reducible, considered as a mixed difference

equation.

In order to reach our purpose, we have to choose the field of numbers SF

in such a way that it contains i and 7r2 but not in. Such a field can be ob-

tained, for instance, by adjoining i and ir2 to the field of rational numbers.

Columbia University,
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